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Main ldeas

Ensemble Kalman: Derivative-Free Optimization and Sampling

Ensemble Kalman: Filtering and Inverse Problems

>

>

» Insights From: Mean Field Derivation
» Insights From: Continuous Time Limits
>

Applications: Weather Forecasting, Medical Imaging
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Alternative Mean-Field Approaches (Consensus) Carrillo et al [7], [5]
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Filtering

P Practical Considerations Doucet et al [14]

»  Continuous Time Bain and Crisan [2]



Hidden Markov Model

Dynamics and Data

Dynamics Model: v, = V() + &, neZ"
Data Model: y!., = h(v,,) + 11, neZb
Probabilistic Structure: v ~ N(mo, G), & ~ N(0,X), 7, ~ N(0,T)
Probabilistic Structure: v L {€,} L {n,} independent



Hidden Markov Model

Probabilistic Picture

Dynamics Model (Prediction): fint1 = Ppn,
Data Model (Bayes): o1 = Lofini1,

Yn = {y;rv7yr1;}v V;HY,, ~ [n.



Particle Filter

Maps On Probability Measures

True Model: i1 = LoPpn,

Particle Approximation: uﬁﬂ = L,,SJP,ui,

J
1 .
5“’71’ = - E 5u(j), U(J) ~ T, iid..
j=1



Particle Filter

Theorem Rebeschini and Van Handel [33]
Assume h is bounded. Then there is C(N) > 0 such that, for all 1 < n < N,

d(pn, 113) < C(N)%.

1/2

d(m,7') = sup (E[(w(f)—w’(f)fD :

[floo<1



Particle Filter

Theorem Rebeschini and Van Handel [33]
Assume h is bounded. Then there is C(N) > 0 such that, for all 1 < n < N,

d(ptn, ) < C(/V)%-

d(r,7') = sup (E[(w(f)_w'(f))z})m,

[floo<1

C(N) depends badly on dimension:
Weight Collapse In High Dimension
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Filtering and
Mean Field Dynamics

Discrete Time Daum et al [12]
Continuous Time Crisan and Xiong [11]
Continuous Time Yang et al [41]
Optimal Transport Reich [34]
Transport Spantini et al [38]



Mean Field Dynamics

Prediction and Transport — Nonlinear Markov Process

Dynamics Prediction:  Vy41 = V(va) + &,
Data Prediction:  ¥nt1 = h(Vnt1) + M1,

ISP =
Perfect Transport: Vpy1 = T7(Vat1, Ynt1s y,,+1,y,j+1).



Mean Field Dynamics

Prediction and Transport — Nonlinear Markov Process

Dynamics Prediction: Vi1 = W(v,) + &,
Data Prediction:  ¥nt1 = h(Vnt1) + M1,

Perfect Transport: Vo1 = T°(Vni1, Yoi1; u,,+1,ynT+1).
Transport Chosen To Effect Conditioning

Assumption: Vn ~ fin (viYan)
Dynamics and Data:  (Vpt1, Ynt1) ~ Vnt1

Conditioning: Vil ~ Lntl (v,f+1|Yn+1)

Transport-based Inversion and Conditioning Marzouk et al [31], [27]



Mean Field Dynamics

Particle Approximation — Linear Markov Process

A,5’+)1 = h( n+1)) + 77n+17

Si~() J
r(JQI =T ( ,({leynﬂ Vn+15.yn+1)

Vn+1 J Z 5(

Vn+1 yn+1

J
1
(vilYn) anuﬁZjZfs 1)



Mean Field Dynamics

Particle Approximation — Linear Markov Process

n+1 =w(v)) + €9,
A,5’+)1 = h( n+1)) + 77n+17

Si~() J
r(iﬁl =T ( r(;}-zl?yn+1 Vn+15.yn+1)

Vn+1 J Z 5(

Vn+1 yn+1

J
1
(vilYn) anuﬁijfs 1)

Equal Weights: No Collapse



Mean Field Dynamics

Particle Approximation — Linear Markov Process

o0 =)+,
Ao)l = h( n+1)) + 77,(114)_17

Si~() J
r(iﬁl =T ( r(;}-gl?yn+1 Vn+15.yn+1)

Vn+1 J Z 5(

Vn+1 yn+1

Equal Weights: No Collapse

But: Computation of T° Prohibitive



Filtering and
Ensemble Kalman

> Original Kalman Paper Kalman [26]
»  Original Ensemble Kalman Paper Evensen [19]
> Link To Transport Reich [34]



Mean Field Kalman Dynamics

Prediction and Kalman Transport — Nonlinear Markov Process

Dynamics Prediction: Vi1 = W(v,) + &,
Data Prediction:  ¥p11 = h(Vot1) + M1,



Mean Field Kalman Dynamics

Prediction and Kalman Transport — Nonlinear Markov Process

Dynamics Prediction: Vi1 = W(v,) + &,

Data Prediction:  Ynt1 = h(Vat1) + Dn+t1,

Transport E := [E*r+1

Transport: Vo1 = Voy1 + n+1(ny1) (ylj+1 - ?n+1)'7
Data Covariance: ny1 = E((Yn+1 —Efnt1) ® (Yot1 — IEI?,,+1)),

Cross Covariance: 6:11 — IE((V,,H —EVnt1) ® (Yot1 — IE?,,H)).

Perfect Conditioning Via Transport For Gaussian v, 1.



Mean Field Kalman Dynamics

Particle Approximation — Linear Markov Process

o = () + 69,
yn+1 - h( n+1) +nn+17

Vn+1 JZ(S

n+1’yn+1

a0 o J
Empirical Covariances; E := E"»+1

Kalman Transport: ,(11421 = vn+1 C,‘,’il(Cnyil)_l(yLl = 37,(1{21),
Data Covariance: C,{frl = E((yn+1 —EVnt1) @ (Va1 — E?nﬂ)),

Cross Covariance: 6:{1 = IE((V,,H —EVnt1) @ (Va1 — E?n+1)).



Particle Filter

Theorem Le Gland et al [30]
Assume W, h are linear. Then there is C(N) > 0 such that, forall 1 < n <N,

g (pim 1) < C(N)%.

12
fin & 17 = Z )
=1

(.

For locally Lipschitz ¢, with polynomial growth:

1/p

dy(m,7) = (E| (n(F) = 7'(F)"]) "



Weather Forecasting

> Evaluation of Filters Law and AMS [29]
> Filters in Geophysical Applications van Leeuwen et al [40]



3DVAR (= Averaged ExKF) Overcomes Butterfly Effect

3DVAR,v=0.01, h=0.2, Re(u, ) [3DVAR],v=0.01, h=0.2, Re(u.

1‘2)

ExKF Jazwinski [23] 3DVAR Law et al [28]



Impact of EnKF over 3DVAR

courtesy Roland Potthast(DWD)

Ensemble Kalman Filter (red) versus 3DVAR (blue)

1.0 T T T T T T
higher skill of

0.7
lower skill

06EF Anomaly

Correlation
a.5 L L L L L L
Q 24 48 72 96 120 {44
—

forecast lead time in hours



VYyVYVYyVYVYVYYVYY

Filtering and
Inverse Problems

Optimization Approach Engl et al [17]

Bayesian Approach Kaipio and Somersalo [25]

Bayesian Approach (Banach Space) AMS [39]

Ensemble Sampling and Optimization Reich [34]
Ensemble Sampling Chen and Oliver [9]

Ensemble Sampling Emerick and Reynolds [16]
Ensemble Optimization Iglesias et al [22]

Ensemble Optimization With Constraints Albers et al [1]
Analysis of Ensemble Sampling Ernst et al [18]



Inverse Problem

Problem Statement
Find v from y where G: U — Y, n ~ N(0,T) is noise and

y =G(u) +n.

» |- | Euclidean norm.

> |- |a y—é-\forA>O.



Inverse Problem

Bayesian Approach

Objective ®o(u) = |y G(u)l?,
Prior  po(du),

Posterior p(du) = lexp( o(u)) po(du).

» |- | Euclidean norm.

> |- |a ]A7§-|forA>O.



Inverse Problem

Sequential Monte Carlo — SMC

Sequential Updates 1 pn(du) = Zi exp(—nh®o(u)) po(du),

Zy
Sequential Updates 2 pni1(du) = 7 exp(—h®o(u)) pn(du),
n+

Posterior u(du) = pun(du), Nh=1.

Del Moral et al [13] Beskos et al [4] Chopin and Papaspiliopoulos [10]



Hidden Markov Model

Dynamics and Data

Dynamics Model: V,L_l =v), nezt
Data Model: y!., = G(v,,) + 11, neZ®
1
Probabilistic Structure: vg ~ po, Mn ~ N(O, EI’)

Probabilistic Structure: vJ L {1,} independent



Continuous Time Limit

Nh=1 h—0; nh=
pn =~ u(t), vy u(t).

»  Optimization Schillings and AMS [37]
> Sampling Garbuno-Inigo et al [20]



Ensemble Kalman Inversion (EKI)

. . . /N
Continuous Time Formulation E = E“ ™~ schiliings and AMs [37]

u:—E(<G(u/)—é,c(u)—y+ﬁ3>r (u'—u)), u(0) ~ o
i=Eu G=E().

Theorem Reich [34] Garbuno-Inigo et al [20]

Let G be linear and ' =T. Then pu|¢=1 = p, solution of the Bayesian inverse
problem.

» [ =T is continuous limit of ensemble Kalman SMC.

» [’ =0 gives optimization — EKI.



Connection to Optimization — Linear Approximation

Linear Approximation

(G(v") — G) ~ DG(u)(u' — ).
EKI As Self-Preconditioned Gradient Descent see 34, 37

i1 = —C(1)Vo(u),
Clw) =E((v - )& (« - 7)),

1
up, Go(u) = 3ly — G(u)[f



Ensemble Kalman Sampling (EKS)

Continuous Time Formulation: Put EKI in a heat bath

i = —E(<G(u') —G,G(u)—y+ ﬁ3>r ( — a))
— C(WE ™ u+V2C(W)W,
Cp) = E((u’ —0)® - u)).



Ensemble Kalman Sampling — Linear Approximation

Linear Approximation

(G(v") — G) ~ DG(u)(u' — 1),
o = N(0,X).

EKS As Self-Preconditioned Langevin Equation see po, 1]

o= —C(u)Vo(u) + /2C()W,
C(n) =E ((u—u)@(u—u)),
d(u |y G(u

’r 7|”|):’

= ®o(u) + §|“|>:'



Nonlinear Nonlocal Fokker-Planck Equation

Theorem Garbuno-Inigo et al [20]

Measure p has density p solving a nonlinear, nonlocal Fokker-Planck equation:

00 =7 (V)  E) = [ (@+inp)pae

Gradient flow in P4 (probability measures) w.r.t. metric g,.c (on the tangent
space):

d

6@ =~ [ple@ive+mnp du

= _gp,C(atp» 8tl))-

Builds on work of: Otto: [24, 32]; Cotter and Reich: [35]



Nonlinear Nonlocal Fokker-Planck Equation

Theorem Garbuno-Inigo et al [20]

Let G be linear and x(0) be Gaussian. Then p(t) — p in L' (i solution of the
Bayesian inverse problem) at universal rate exp(—t).

Extension to non-Gaussian initialization: Carrillo and Vaes [6]



Electrical Impedence
Tomography

»  Bayesian Formulation Dunlop and AMS [15]
» Ensemble Kalman Approach Chada et al [8]



Electrical Impedance Tomography (EIT) 1

Forward Problem
Given (k, 1) € L®(D;RT) x R™ find (v, V) € H*(D) x R™ :

-V .- (kVr)=0 € D,
v+zkVv-n=V, € e, £=1,...,m,
Vv-n=0 € 9D\ Uy, e,

/mVU-nds:lg € e, £=1,....,m.

Ohm's Law: V = R(k) X I.

Inverse Problem

Set k = exp(u). Given a set of K noisy measurements of voltage V/(k) from
currents /(k), and Gy(u) = R(exp(u)) x I(k), find u from y where:

y(k) = Gi(u) +n, n~N(©0,7%), k=1,...,K.



EIT 2

Figure: True Conductivity.

Parameterization

» Continuous level set function.
» Lengthscale of level set function.

» Smoothness of level set function.



EIT 3

Figure: Five succesive iterations: level set function.

=] F



EIT 4

Figure: Five succesive iterations: thresholded level set function.




Closing



Conclusions: Ensemble Kalman Methodologies

v

Kalman Filtering: 1960, Rudolph Kalman.
Ensemble Kalman Filtering: 1994, Geir Evensen.

Applications in numerous fields:

» Weather forecasting;

» Oceanography;

» Hydrology, Subsurface flow;

» Medical imaging, Machine learning - -- .

Developing as a general methodology for state estimation.

Developing as a general methodology for inverse problems:

» Gradient flow structure: parameter space;
» Gradient flow structure: probability space.

Connections to Wasserstein gradient flows, optimal transport.

Many open mathematical questions.
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Metric For Gradient Structure

Otto: [24, 32], Cotter and Reich: [35]

Kalman-Wasserstein Metric Tensor (oo [36].120))
Define g,c : T,P+ x T,P — R by

grclon.o)i= [ (T, (o)) pdx,
Q
where 0 = =V - (pC(p)Vpi) € T, P4 for i =1,2.

Kalman-Wasserstein Metric (zenamou-Brenier [3])
For p° p' € Py, We: PL X Py — R
We(p®, p')? = ( inf )/ / Ve, C(pe)Vipe) pedx
Pt ¥t
subject to  8:pr + V - (p:C(pe) V) =0, po = p°, p1 = p,
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